COHOMOLOGICAL SUPPORT LOCI OF VARIETIES OF 
ALBANESE FIBER DIMENSION ONE 



ZHI JIANG AND HAO SUN 

5^ ' Abstract. Let X be a smooth projective variety of Albanese fiber di- 

Q4 mension 1 and of general type. We prove that the translates through 

of all components of V°(ljx) generate Pic (A). We then study the 
pluricanonical maps of X. We show that |4Kx| induces a birational 
map. 



1. Introduction 

In |CH3| . Chen and Hacon proved that if X is of maximal Albanese 
dimension and of general type, then the translates through of all compo- 
nents of V°(ojx) generate Pic (X). This is a fundamental result to study 
the pluricanonical maps of varieties of maximal Albanese dimension (cf. 
[Jll ITU IJLT] ) . Here we provide a similar result for varieties of general type 
and of Albanese fiber dimension one: 

Theorem 1.1. Let X be a smooth projective variety of dimension > 2, 
of Albanese fiber dimension one and of general type. Then the translates 
through of all irreducible components ofV°(oJx) generates Pic°(X). 

We notice that this kind of result applies only for varieties of Albanese 
fiber dimension < 1. Indeed, we take X = Y x Z, where Y is a variety of 
maximal Albanese dimension and of general type and Z is a variety of general 
type of dimension I > 2 with p g (Z) = q(Z) = 0. Then X is of Albanese 
fiber dimension I but V°(lux) is empty. As an application of Theorem ll.il 
we give an improvement of a result of Chen and Hacon |CH4] : 

Theorem 1.2. Let X be a smooth projective variety of Albanese fiber dimen- 
sion one and of general type. Then the ^-canonical map (f\4K x \ ^ s birational. 

In Section 2, we recall some definitions and results which are usually used 
in the study of irregular varieties. Then we generalize a result of Pareschi 
and Popa on the generation property of M-regular sheaves (see Theorem 
I2.8p . We will prove Theorem 11.11 in Section 3 and extend it to non general 
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type case in Section 4. We then study the pluricanonical maps of a variety 
of Albanese fiber dimension 1 and prove Theorem 11.21 in Section 5. 

Notation. In this note, X will always be a smooth complex projective 
variety and we denote by ax '■ X — > Ax the Albanese morphism of X. If 
I = dim A — dim ax (X), then we say X is of Albanese fiber dimension I. In 
particuler, X is of Albanese fiber dimension if and only if X is of maximal 
Albanese dimension. 

For an abelian variety A, we will frequently denote by A the dual abelian 
variety. Moreover, for a morphism t : A — > B between abelian varieties, 
we will denote by t : B — >• A the dual morphism between the dual abelian 
varieties. 

Let t : X — > A be a morphism from X to an abelian variety and let & be a 
coherent sheaf on X, we will denote by V i {^, t) = {P G A\ti(X, ^®t*P) > 
0} the i-th cohomological support loci of In particular, if t = ax, we 
will simply denote V l (JP,ax) by V l (JP). 

Acknowledgements. The first author thanks Prof. Jungkai A. Chen for 
various comments and pointing out an error in an earlier version of this 
paper. The second author wish to thank Dr. Lei Zhang for many useful 
discussions. 

2. Fourier- Mukai transform and M-regularity 

In this section, we recall some important techniques that will be needed 
throughout the paper. 

Let A be a complex abelian variety of dimension g. We denote by & 
the normalized Poincare bundle on A x A. Let p and p be the canonical 
projections to A and A. There is a functor 5? from the category of G a~ 
modules to the category of ^-modules defined by y(M) = p*{p*(M)®&). 
Similarly we define y(N) = p*(p*{N) <g> Let FL^ (resp. RJ^j be the 
derived functor of y (resp. S*) between the two derived categories D(A) 
and D(l). 

Theorem 2.1. \Mu\ Theorem 2.2] There are isomorphisms of functors 

RyoRy ^ ano l RyoRy^ 

Definition 2.2. Let & be a coherent sheaf on a smooth projective variety 
Y. 

(1) We say & is full if V°(&) = Pic°(Y). 

(2) & is said to be a GF-sheaf if codim F'^) > i for all i > 0. 

(3) & is called M-regular if codimy*(^") > % for every i > and Y is 
an abelian variety. 

Lemma 2.3. Let & be a GV -sheaf on a smooth projective variety Y , let W 
be an irreducible component ofV (&), and let k = codim Pic 0(y) W . Then 
W is also a component ofV k {^). Hence dim A > k. 
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Proof. Please see |PP2l Proposition 3.15]. □ 

Lemma 2.4. If ^ is a M -regular sheaf on an abelian variety A, then & is 
full. 

Proof. If & is not full, then V°(&) is a proper subvariety of Pic (A). By 
Lemma 12.31 there is % > such that codim = i. This contradicts the 

M-regularity assumption on j£\ □ 

Definition 2.5. Let & be a coherent sheaf on a smooth projective variety 
Y. 

(1) We say is continuously globally generated at y £ Y (in brief CGG 
at y) if the nature map 

H°(^ <g> a) ® a v -> ^ ® C(y) 

is surjective for any non-empty open subset J7 C Pic°(Y"). 

(2) J^" is said to have no essential base point at y £ Y if for any surjective 
map — > there is a non-empty open subset CJ C Pic°(y) such 
that for all a £ £7, the induced map ff ^ ® a) -)■ H°(0 y <g) a) is 
surjective. 

Remark 2.6. Our definition of essential base point is compatible with [CH4| 
Definition 2.1]. Actually, the following lemma shows that the two conditions 
of Definition 12.51 are equivalent. 

Lemma 2.7. If ^ is a coherent sheaf on a smooth projective variety Y and 
y is a point on Y , then & is CGG at y if and only if has no essential 
base point at y. 

Proof. Firstly, we assume that is CGG at y. For any surjective map 
& — > &y, the induced map #~®C(y) — > (J y is also surjective. The definition 
of CGG implies that the composition 

H°(^ 8«)®q v 4^® C(y) -> G y 

is surjective for any non-empty open subset U C Pic (Y). It follows that for 
any non-empty open subset U C Pic°(V), there is an a 6 U such that the 
induced map H°(J? r g> a) — > H°(€>'y g> a) is surjective. By semi-continuity, 
one sees that for a general a £ Pic°(y), the induced map H°(^ ® a) — > 
H°(& y ® a) is surjective. Thus has no essential base point at y. 

Conversely, suppose that & has no essential base point at y. One can 
write & <g) C(y) = 0f =1 V u where Vi = C(y), i = 1, 2, . . . , k. Let Pi : 
& ® C(y) — > Vi be the canonical projection and ipi : & — > & ® C(y) — >■ 
be the composition. Since & has no essential base point at y, we know that 
there exists non-empty open subsets Ui (1 < i < fc) of Pic°(y) such that for 
any a & Ui the induced map : H°(JP ® a) — )■ 14 ® a is surjective. For 
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any non-empty open subset Uq C Pic (Y"), since n*_ i7j is also a non-empty 
open subset, the map 

k 

® a) ® a v — ► l/ 4 = J? ® C(y) 

is surjective. It follows that is CGG at y. □ 

A coherent sheaf J^" on an abelian variety A is said to be IT if H % {J^ ® 
a) = for all z > 1 and all a € Pic (.A). The following theorem generalizes 
[FPU Proposition 2.13] 

Theorem 2.8. Xei and J$? be coherent sheaves on a complex abelian 
variety A. Suppose that either ^ is M-regular and H is IT or & is IT 
and H is full. Then for any non-zero morphism ^ — > Jtf? there exists a 
non-empty open subset U of Pic (A) such that for all a € U, the induced 
map H°(^ ® a) — > H°(J4? (g) a) is non-zero. 

Proof. By Theorem l2.lt we have 

Hom(^,^) = Hom D(A) (i^,^) Hom^JR^J*"), R^JT)). 

If & is M-regular and is IT , as in the proof of [PPH Theorem 2.5], 
since Ti^(J^f) = ^(Jf?), there is a nature inclusion 

Hom D(1) (R^(^),^(^)) ^ Hom(^(J^),^(Jf )). 

Hence we obtain a nature injective map 

$ : Hom(5, je) -> Hom(^(^),^(jr)). 

If JF is IT and H is full, then Rj^(JF) = 5*{&). Note that 

Hom D(1) (^(^),R^(jr)) = Honi(y(J),y(if)), 

so we also obtain the nature injective map 

$ : Hom(5, JT) -> Hom(y(J), 

Thus for any non-zero morphism </? : — > the induced morphism 

: -)■ ^(Jf ), 

is also non-zero. 

We choose a non-empty open subset V such that both h (g) a) and 
h (dtP <g> a) are constant for all a € V. From the base change theorem, it 
follows that ® C(a) ^H Q (&® a) and ^(JT) ® C(a) = ® a) 

for all a € V. By Lemma 12.41 we know that our assumptions on & and <ffi 
guarantee both & and are full. Hence $((p)\v ■ &\&)\v -> ^(«^)|v is 
a non-zero morphism between vector bundles. Let Z be the loci where the 
rank of $(<£>)|y vanishes, and let U = V \ Z. One sees that for all a € U, 
the induced map H°(J^ (g) a) — > H°(J^f 8) a) is non-zero. □ 
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Applying Theorem 12.81 to the case ffi = ff y for some y £ A, we obtain 
the following corollary. 

Corollary 2.9. [PP1|, Proposition 2.13] If ^ is a non-zero M -regular sheaf 
on a complex abelian variety A, then ^ has no essential base point at any 
ye A. 

The following proposition is a slight generalization of \GL\ Theorem 0.1 
(2)]- 

Proposition 2.10. Let a : X — > A be a morphism from a smooth porjective 
variety to an abelian variety such that dimX — dima(X) = /. Assume that 
V°(ux, a) has an irreducible component Po + B of codimension < k < oo 
in A. Then there exists a commutative diagram 



X 



X B 

where tt is the natural projection, f is a fibration and Xb is a normal variety 
of dimension dimX — f — k. 

Proof. We know that ax*0Jx is a GV-sheaf on A (see [Hj). Hence by Lemma 
12.31 Po + B is an irreducible component of V k {a if 0Jx)- By Simson's result 
[Si] , we may take Po to be a torsion line bundle. 

Let X A> Xa — > A (resp. X — > Xb — > B) be the Stein factorization of a 
(resp. the Stein factorization of the natural morphism from X to B). We 
then have 




Since t is finite, H k (A, a*u:x <8> Q) = H k (XA,Kcox <S> t*Q) / 0, for any 
Q € Po + B. On the other hand, by Kollar's theorem ( |Kol2[ Theorem 3.4]) 
we have 



h k (X A , Koj x ® t*(P (g) P) 



i+j=k 

0, 



h\X B , R j h B *(h*(«>x ® P )) 8> g*P) 



for all P € B. For all j > 0, the sheaves R J h,B*(h*(u)x <8> Po)) are GV sheaves 
(see [H]), hence R k hB*(h*(ux ® Po)) ^ 0. We conclude again by Kollar's 
theorem ( }Kol2l Theorem 3.4]) that dimX^ — dimAe > k and hence the 
equality holds and dimX^ = dimX — f — k. □ 
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3. Proof of Theorem 11.11 

Lemma 3.1. Let Y be a smooth projective variety of general type and of 
maximal Albanese dimension. Let t : Y — > A be a morphism to an abelian 
variety A of dimension > 1 such that dimY — dimi(Y) = 1. Then 

dimV°{ujY,t) > 1, 

where 

V°{uj Y ,t) :={PeA\ H°(Y,ujY®t*P) + 0}, 
and dim V° (toy, t) is by definition the maximal dimension of an irreducible 
component ofV° (toy ,t). 

Proof. We have the following commutative diagram 



A 

We may assume that t(Y) generates the whole abelian variety A and \x 
is surjective, otherwise Ky is an effective divisor ( |CH2j ). and hence ker(ju : 
A — > Ay) is contained in V (ux,t) and is of dimension > 1. 

When t(Y) generates the whole abelian variety A, /2 : A — >■ Ax is an 
isogeny onto its image and 

dimV {u Y ,t) = dim(/2(A)ny°(toy)). 

Hence if V°(ojy) = Ay, Lemma ETT] is clear. Otherwise, x(Y,coy) = and 
V°(coy) is a union of torsion translates of proper abelian sub- varieties of Ay 
and dim V° (toy) > 1 (see [CH3] ). 

Let if be the neutral component of the kernel of Ay A- A. We then have 
the exact sequence 

Because an irreducible component of a general fiber of t is a smooth curve 
of genus > 2, hence for any a G Ay, t*(tox <8> P a ) is a non-zero GV"-sheaf on 
A. Therefore for any a G Ay, there exists r a £ A such that 

ff°(y,to y <g> P Q ® t*P Ta ) ~ H°(A,U(ujy P a ) ® P T J ^ 0. 

Hence the composition of morphisms V°(toy) Ay — > K is surjective. 
There exists an irreducible component Q+B of y (coy), where Q is a torsion 
point of Ay and P is an abelian subvariety of Ay , such that the composition 
of the natural morphisms 

Q + B^Ay^K 

is surjective and then (Q + B) D ju(A) is not empty. 
If dimV°(toy,f) = 0, then 

(1) dim(ju(!) n y°(toy)) = 0. 
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Hence 

dim((Q + B) n /1(A)) = 0, 
and the projection Q + B — > K is finite. Therefore, codim^(Q + B) = 

dim A > dimY — 1. 

On the other hand, we know by the proof of Theorem 3 in |EL] that Q+B 
is also an irreducible component of V diraA (u)y). Hence dim A = dimY — 1 
and the natural morphism Ay ^ p '^\ B x A is an isogeny. We then consider 




By the proof of Theorem 3 in [EL] (or see Proposition I2.10j) . a general 
fiber of pb is generically finite and surjective over the fiber of p, and hence 
generically finite and surjective over A via [i o ay. Hence the image Pb(Y) 
is a curve on B. We take the Stein factorization of ps- 

Y 2> Z -> B. 

Since a general fiber F of 7 is of general type and generically finite over A, 
by [CH3t Theorem 1], there exists a positive dimensional torus T C A such 
that H°(F,ujf £g) a Y H*P) 7^ 0, for any P € T. Hence 7*(^y/z ® a,yH*P) is a 
non-zero nef vector bundle on Z. 

If Z is a smooth curve of genus > 2, Then by Riemann-Roch, we deduce 
that 

H°(Y,oo Y ®a Y n*P) / 0. 

Hence 

ju(T) c fi(A) n V°{uo Y ) ^ Ay, 

which contradicts ([T|). 

If Z is an elliptic curve, then since Z generates B, Z is isogenous to B. 
Then Q + B is an irreducible component of V°(u}y) of dimension 1. But it 
is impossible by Proposition 3.6 in [CD J] . 

We then conclude the proof of Lemma 13.11 □ 

Proposition 3.2. Let X be a smooth projective variety of dimension of gen- 
eraltype. Assume that X is of Albanese fiber dimension 1. Then dim V°(lox) > 
1. 

Proof. We take the Stein factorization of ax ■ 

X 




We denote dim X = n > 2 and denote by m > 2 the genus of a general fiber 
of g. 



8 



ZHI JIANG AND HAO SUN 



We argue by contradiction. Assume that V°(lox) = V°(ax*cox) is a 
union of finite points. Since ax*wx is a GV-sheaf (see [HI Corollary 4.2]) and 
V Q {a>x*wx ) is a union of finite points, then by [Mu} Example 3.2], ax*cox is a 
homogeneous vector bundle on Ax- Hence V dimAx (ax*(^x) ^ i therefore 
dim = dim ax (X) = n — 1. 

There are three steps to deduce a contradiction. 

First step, we claim that ax is a fibration. Hence / is an isomorphism 
and R l ax*uJx = @A X - 

We take n — 2 general very ample divisors Hi, 1 < i < n — 2 on ^4x- 
Let the smooth curve C be the intersection of Hi on Ay- Take base change 
C ^ Ax to the above commutative diagram, we have 

(2) X C 




Then h c *^x c /c = ax*^x\c- 

If deg/ > 1, since ax is the universal morphism to an abelian variety, / 
is ramified in codimension 1. Hence fc ■ Wc — > C is a ramified cover. We 
know that gc*^x c lw c ^ s a ne ^ vec tor bundle on Wc (see |V2j ) . Then by 
Riemann-Roch, we conclude that 

degh c *ujx c /c = deg f c *({gc*^x c /w c ) ® ^w c /c) > 

which contradicts the fact that deg(ax*^x\c) = 0. We finish the proof of 
the first step. 

We then write aj*wi = ©f^'^P;, where i / p i is the tensor product of Pi E 
Pic°(Ax) with a unipotent vector bundle on Ax and ^f =1 rank(%) = m. 
Notice that Pi is torsion (see [ST]). 

Second step, we claim that Pj = f° r *■ I n other words, all ^ are 
unipotent vector bundles. 

We still argue by contradiction to prove this claim. 

If there exists a non- trivial Pi, then H n ~ l {A x , fp 4 <S> P*) ^ and hence 
H n ~ l {X, oj x <S> P*) / 0. Take the etale cover tr : A x -> A x induced by the 
group generated by all Pj. Let nx '■ X — > X be the induced etale cover. We 
notice that 

q(X) = h n -\X,u~) > h^iX^x) + h n - x {X,uj x ®P*) > q(X). 
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We have the following commutative diagram: 




Since ax is a fibration, either r is generically finite and X is then of maximal 
Albanese dimension, or r is a fibration and v is an isomorphism. The latter is 
impossible, since a x {X) generates the whole abelian variety Aj%. In the first 
case, X is of maximal Albanese dimension and ax is surjective of relative 
dimension 1. We then apply Lemma [XT] and deduce that dim V (co x , ax ) > 
1. This is impossible because dim V°(uj x , ax) = dimy°(u;x) = 0. 
We then conclude the proof of the second step. 

In the last step, we are going to deduce a contradiction. Since % is a 
unipotent vector bundle, h n ~ 1 (Ax, %) > 1. We then have ([KoEl Theorem 
3.1]) 

n-l = h n - 1 (X,co x ) = h n -\Ax,ax^x) + h n -\A x ,R 1 ax^x) 

s 

= Y J hn ' 1 ( A x,^) + h n - 2 (A x ,^A x ) 
i=i 

> s + n — 1, 

which is impossible. 

We then conclude the proof of Proposition 13.21 □ 

We are now able to prove a slightly more general version of Theorem 11.11 

Theorem 3.3. Let X be a smooth projective variety of general type and 
let a : X — > A be a morphism to an abelian variety such that dima(A) = 
dimX — 1. Then the translates through of all irreducible components of 
V (bJx,&) generate A. 

Proof. Let T A be the abelian subvariety generated by all the translate 
through of all irreducible components of V° (wj , a) . 
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Assume that T is a proper subvariety of A. We consider the dual and get 



F 



X 




+ A 



/P0 C 

Let .F be an irreducible component of a general fiber of /, K be the kernel 
of p, and h : F — > K be the restriction of a to the fibers. Notice that 
dimi 7 — dimh(F) = 1. We now study the group 

h) := {P e K | H°(F, u F ® / 0}. 

We know that for any P G ix, f*(wx <S> -P) is a GV-sheaf (possible 0) on 
T. Hence y°(o;x,a) surjective over via the morphism Ax — > i^. 

From the construction of T, we know that V°(wf,/i) is a union of finite 
points. 

On the other hand, we consider 




tif- 



-> A F 



-> if. 



Since dimy°(o;i?, /i) = 0, then tt(K) n is a union of finite points in 

Ap and 7? is an isogeny to its image. By Proposition [372], 7? is not surjective. 
As we have seen in the proof of Lemma l3.lt the composition of morphisms 
V°(luf) — > Ap — > Ap/tt(K) is surjective. Hence there exists a positive 
dimensional irreducible component Po + B of V°(ujp) of codimension equal 
to dimn(K) > dimF — 1. 

If ap is generically finite. We can simply apply Lemma 13.11 to get a 
contradiction. If F is of Albanese fiber dimension 1, we apply Proposition 
12. 101 to conclude that the image of the natural morphism F — ^> Ap -» B is 
a point, which is impossible since ap is the Albanese morphism of F. 

Hence T = A and we are done. □ 

For surfaces X of Albanese fiber dimension 1, because ojx) > 0, we 
always have V°(lox, &x) = Pic°(X). In higher dimensions, we can construct 
varieties of Albanese fiber dimension 1 and of general type with V°[ojxi a>x) a 
proper subset of Ax in the same way as in the construction of Ein-Lazarsfeld 
threefold |EL[ Example 1.13]. 

Example 3.4. Let Cj — > Ei be a ramified double cover over elliptic curve 



Ei for i = 1,2, with associated involution u. Let 



be a ramified 



double cover, with associated involution Let X be a desingularization of 
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the quotient (C\ x C 2 X Cs)/(li, L2, 1-3)- Hence X is of general type and the 
natural morphism X — > E\ x E 2 is the Albanese morphism of X, hence X 
is of Albanese fiber dimension 1. Moreover, 

V (ujx,ax) = ({& El } x E 2 ) U (E! x {^}). 

We can check that x( x ,^x) = -{g{C\) - l)(g{C 2 ) - 1) < 0, while the 
holomorphic Euler characteristic is always > for varieties of maximal Al- 
banese dimension ( |GLj ), Furthermore, we see that the intersection of the 
two irreducible components of V°(ujx) is 0, while we know that if Y is a 
variety of general type and of maximal Albanese dimension, then the inter- 
section of any two maximal components of V°(loy) is of dimension > 1 ( [321 
Proposition 1.7]). 

4. NON-GENERAL TYPE CASE 

Surfaces of Albanese fiber dimension 1 and of Kodaira dimension are 
called hyperelliptic surfaces. They are completely classified: there are seven 
families of hyperelliptic surfaces (see [HI Chapter VI]). In higher dimensions, 
it was proved by Kawamata ([Kaw, Theorem 15]) that a variety of Albanese 
fiber dimension 1 and of Kodaira dimension is birationally an etale fiber 
bundle over its Albanese variety. It is interesting to observe that the ele- 
mentrary method which we use to prove Proposition 13.21 gives an easy proof 
of this fact and it does not rely on the difficult addition theorem of Viehweg 

([vi]). 

Lemma 4.1. Let F be a smooth projective variety of Albanese fibre dimen- 
sion 1 and of Kodaira dimension 0. Then there exists an abelian variety B, 
and an elliptic curve E such that F is birational to (B x E)/ G, where G is 
a group of translations of B acting on E such that E/G = P 1 . See below 
the classification ofG. 

Proof. Since F is a smooth projective variety of Albanese fibre dimension 
1 and of Kodaira dimension 0, the Albanese morphism of of F is an alge- 
braic fiber space (see [Kaw]) and a general fiber of of is a curve of genus 
1. We then consider the rank 1 sheaf of*^f- Since dim V° (a f*lof) = 
dim V°(lof, olf) = and of*^f is a GV-sheaf on Ap, we conclude that 
aF*u)F = P is a torsion line bundle on Ap- 

Let n = dimF, then q(F) = dimAp = n — 1. Moreover q(F) = 
h n - 1 (A F ,aF*uJF) + h n - 2 (A F ,R 1 aF*0JF) = h n ~ l (A F , a F *u F ) + n- 1. Hence 
P is not the trivial line bundle. Let G be the subgroup of A F generated by 
P. Then by considering the etale cover X — > X induced by G, we find that 
q(X) = n. Since the Kodaira dimension of X is also 0, we conclude that 
X is birational to its Albanese variety. Hence X has a good minimal model 
which is isomorphic to (B x E)/G, where B is an etale cover of Ax, G a 
group of translation of B, and G acts on B x E diagonally (see for instance 
[B| Lemma VI. 10]). If q(X) = dimX — 1 > 2, the action of G on F is one 
of the followings (compare to [B, List VI.20]): 
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(1) G = Z/2Z acting on F by symmetry; 

(2) G = Z/2Z x Z/2Z acting on F by x -> -x, x -»• x + e (e G F 2 ); 

(3) G = Z/2Z x Z/2Z x Z/2Z acting on F by x -> -x, x -»■ x + ei, 
x -> x + e 2 (ei,e 2 G F 2 ); 

(4) G = Z/4Z acting on F = F { = C/(Z © Zi) by x -> ix; 

(5) G = Z/4Z x Z/2Z acting on F = F { by x -»■ ix, x -> x + i±i; 

(6) G = Z/3Z acting on J 7 = F p = C/(Z © Zp) (where p 3 = 1) by 
x — > px 

(7) G = Z/3Z x Z/3Z acting on F = F p by x -> px, x -> x + 

(8) G = Z/3Z x Z/3Z x Z/3Z acting on F = F p by x -> px, x -»• x + i^2, 
x — >■ x — ^— 

(9) G = Z/6Z acting on F = F p by x — s> — px. 

We notice that the cases (3) and (8) don't occur when dimX = 2. 

□ 



We now let X be a smooth projective variety of Kodaira dimension 
k(X) > and assume that a : X — > A is a morphism to abelian variey 
such that dima(X) = dimX — 1. We denote by Ix '■ X — > I(X) a model 
of the Iitaka fibration of X with I(X) a smooth projective variety. Let F 
be a general fiber of Ix- Then F is a smooth projective variety of Kodi- 
ara dimension 0. By Kawamata's theorem ( |Kaw[ Theorem 1]), a(F) is a 
translate of abelian subvariety K of Ax (independent of the choice of F). 

We consider the following commutative diagram: 



X — ► A 



Ix 



pr 



I(X)^UA/K 

Notice that dima(-F) > dimF — 1. 

Since n(F) = 0, we have dimV°(u)F) = 0. Hence for any irreducible 
component Q + B of V°(lux, ax), where B is an abelian subvariety of Ax, 
we have B C pr* A/K. Moreover, by induction on the dimension of X, 
we can prove the following theorem with exactly the same proof as that of 
Theorem 13.31 

Theorem 4.2. Under the above setting, the translates through of all irre- 
ducible components of V°(ujx,&) generates pr*A/K. 

5. Pluircanonical maps 

In this section we deduce from Theorem 11.11 a quick proof of the bira- 
tionality of the 4-canonical map of varieties of general type and of Albanese 
fibre dimension 1, which generalizes a result of Chen and Hacon |CH4l Corol- 
lary 3] . We use the strategy described in [PP2[ Section 6] , which is used by 
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the authors of [JT| and [H] to study the pluricanonical maps of varieties of 
maximal Albanese dimension. 

In this section we will always denote by the following commutative dia- 
gram 

(3) X 




a modification of the Stein factorization of the Albanese morphism of X 
such that Y is a smooth projective variety. We denote by F a general fiber 
of/. 

Lemma 5.1. Assume that the Iitaka model of (X,Kx) dominates Y and 
Kp is semiample. Then the co-support of the multiplier ideal ^ (\\kKx\\) 
is disjoint from a general fiber F for any k > 1 . 

Proof. For simplicity we let k = 1. The argument works for all k > 1. 

Since the Iitaka model of (X,Kx) dominates Y, we may take a ample 
divisor A on Y and an integer M > such that MKx — f*A is an effective 
divisor. Fix a divisor D G \MKx — f*A\. By the subadditivity theorem (see 
[La} Corollary 11.2.4]), we have 

J?{\\Kx\\T^ f{\\mK x \\). 

Therefore we have for m> M 

f{\\K x \\Tz> Jf{\\mK x \\) = J?(\\(m-M)K x + rA + D\\) 

D f{\\{m - M)K X + f* A\\) <g> ff X {~D). 

On the other hand, Viehweg's weak positivity theorem (see [VI] ) implies 
that for N 3> 0, the restriction 

H°(X, & x (N(m - N)K x /y + N f* A) -> H°(F, tff F {N(m - N)K F ) 

is surjective. Since Y is of maximal Albanese dimension, Ky is an effective 
divisor. Thus for all S> the restriction 

H°(X, <ff x {N{m - N)K X + N f* A) -> H°(F, F (N(m - N)K F ) 

is surjective. 

Therefore we conclude by \L&\ Theorem 9.5.35] that for a general fiber F, 

f(\\{m - M)K X + | F = Jf{\\{rn - M)K F \\) = # F , 

where the last inequality holds because Kp is semiample. 

Combining all the inequalities, we get (\\Kx\\) m \f^ & f {—D) for all 
m > M. Hence J* (\\Kx\\) \f= @f and the co-support of the multiplier 
ideal #P (\\K X \\) is disjoint from a general fiber F. □ 

We employ Tirabassi's trick ([Ti]) to show that 

Proposition 5.2. In the settings of diagram (G|). Assume the following: 
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1) 2Kp is globally generated; 

2) the translates through of all irreducible components ofV°(cox) gen- 
erate Pic°(X); 

then there exists an open dense subset U of X such that for any x E U , the 
sheaf 

axA^x ® 0x(2K x ) ® f(\\u x \\)) 

is M-regular. 

Proof. We notice that 1) implies that Kp is semiample and 2) implies that 
the Iitaka model of (X, Kx) dominates Y. Hence we conclude by Lemma [5. II 
that the co-support of ^(\\ojx\\) does not dominate Y. Hence there exists 
an open dense subset U of Y such that V := f^U is disjoint from the 
co-support of (\\ux\\), f smooth over U, t finite on U, and 2Kp globally 
generated for any fiber F over U. Then for any x £ V, we have 

a x *(S x ® 0x(2K x ) ® f{\\u X \\)) -> a x ^x(2K x ) ® f{\\u x \\)) 

-> C ax(x .) -> 0. 

By a variant of Nadel vanishing theorem (see |Kol3[ 10.15] or |J3l Lemma 
2.1]), we have H i (A x ,a x *(^x(2K x ) <8> f{\\u x \\)) ® P) = 0, for any i > 1 
and P G Pic (Ax). To conclude the proof of the proposition, all we need to 
prove is that 

coding ty\a x *(Sx ® @x{2K x ) ® ,/(||wx||)))) > 2. 
We observe from the above exact sequence that for x € V, 
^W(A. ® ^x(2Kx) ® /(Ikxll))) = {P G A x | x G Bs(|2i^ x + P\)} 
Now we write 

V°(oj x ,ax) = Ui(Qi + Bi). 

Let 

y' = x-Un PeQ ^Bs(|Kx+P|). 

i 

Hence for any x € V' , there exists an open subset % of Qj + B{ such that 
for any P G a; is not a base point of \Kx + P|. Therefore, x is not a 
base point of \2Kx + P|, for any P G 2Qj + i?;. 

Let U = V nV' . We then conclude that for any x £ U, 

V\a x *{*x ® @x(2K x ) ® ./(IK ||))) n U(2Qi + B 4 ) = 0. 

i 

According to hypothesis 2), all the Pi's generate the whole abelian variety 
Ax, hence we have (see for instance [Ti] ) 

coding (V\a x *{<f x ® ^x(2K x ) ® ,/(||wx||)))) > 2. 

□ 
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With the above proposition, it is not difficult to conclude the following 
statement which is slightly more general than Theorem 11.21 

Theorem 5.3. Let X be a smooth projective variety of general type, of 
Albanese fiber dimension 1. Then, for any P £ Pic°(X), the linear system 
\4:Kx + P\ induces a birational map of X. 

Proof. We use the setting of the commutative diagram ([3]). 

Since a general fiber F is a smooth projective curve of genus > 2. By 
Proposition 15.21 there exists an open dense subset U of Y such that V := 
f U is disjoint from the co-support of ^ {\\^x\\) and ax*{^x ® w| <S> 
c/iWoJxW)) is M-regular for any x G V and thus is continuously globally 
generated by Corollary 12.91 

We now consider two different cases: g{F) > 3 or g{F) = 2. 

If g(F) > 3, then for any point y € V different from x, the evaluation 
map 

(4) a\a x *{^x ®u 2 x ®,/{\\u3x\\)) ^ ^x®u 2 x ® f{\\u x \\) 

is surjective. Since ax*{^x ®u x <S> ^ {\\<^x\\)) is continuously globally gen- 
erated, there exists an open dense subset ^ x of Pic°(X) such that there 
exists a section of 2Kx + Q vanishes at x and doesn't vanish at y for any 
Q 6 Hence for any P £ Pic°(X) there exists a section of 4:K X + P 
separating x and y, thus the map (p4K x +P is an injective morphism on V 
and we are done. 

If g(F) = 2, after modifications, we may assume that there exists an 
involution r on X inducing the hyperelliptic involution on a general fiber 
F, and the quotient Z = X/{t) is smooth. We may assume that t(V) = V. 
We then consider 



X 




where a general fiber L of 5 is isomorphic to P , and we write <p*0x = 
@z @z(-D) and deg L (L>) = 3. 

Notice that we still have ([U), for any y £ V different from t{x) and x. 
Hence the degree of <P4k x +p — 2 and i factors birationally through (^4^ +p- 
In order to finish the proof we just need to prove that (f4K x +p does not factor 
through t. 

We have 

<p.0 x (4K x ) = z (4K z + 4D)e0 z (4K z + 3D) 

e @ z ^k z + ?>d)®jp2. 
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Since deg L (K z ) = -2, both g,(ff z (AK z +AD)) and g*{0 z {AK z +3D)) are 
nonzero torsion free sheaves on Y and so are the sheaves g* (ff z (4Kz+iD) (g) 

because the co-support of Jf ( 1 1 2>Kx 1 1 ) does 
not dominate Y. Moreover, since 

uh{#xm x )® f{pK X \\j) 

is a IT sheaf, so are the sheaves 

Ug*{0 z ^K z + 4D)® J? x ) and Ug* (0 Z (4K Z + 3D) ® J^) • 

Therefore, for any Pei^, ^(4_ftT z + 3D)(g)P) / and a nonzero 

section of H°(Z, G Z {A.K Z + 3D) <8> P) separates x and r(x). Thus <P4K X +P 
does not factorize i and (f4K x +P ^ s birational. □ 

Remark 5.4. It is well-known that the tricanonical map of a smooth pro- 
jective curve of genus > 2 is an isomorphism. Recently, the authors of [JLT] 
have shown that the tricanonical map is birational for a variety of maximal 
Albanese dimension and of general type. These lead the authors to believe 
that the tricanonical map of a variety of Albanese fiber dimension 1 and of 
general type is also birational. 

By the same method in the proof of Theorem 15.31 it is quite easy to show 
that the tricanonical map is birational if V°(ujx) = Pic°(X). Hence it leaves 
to analyse the case when V°(ux) ^ Pic (A). One might want to mimic the 
argument in [JLT] . For each irreducible component P + B of V°(lox) of 
codimension k in Pic (A), we do have a natural fibration by Proposition 

x 

Y > A x 

fB 

X B >B 

where Xb is of dimension dim A — k — 1. The problem here is that we 
don't have a good geometric explanation for the existence of P + B unlike 
the irreducible component of V° of a variety of maximal Albanese dimension 
(see [CDJ[ Theorem 3.1]). But the sheaf R k fB*{f*^x®P) does have certain 
positive properties over Xb and may be crucial to a proof of the birationality 
of the tricanonical map. 
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